Magnetoelectric effect of the spin-1/2 Heisenberg-Ising ladder in a presence of the external electric and magnetic fields is rigorously examined by taking into account Katsura-Nagaosa-Balatsky mechanism. It is shown that the applied electric field may control a quantum phase transition between the Néel (stripy) ordered phase and the disordered paramagnetic phase. The staggered magnetization vanishes according to a power law with the Ising-type critical exponent 1/8, the electric polarization exhibits a weak singularity and the dielectric susceptibility shows a logarithmic divergence at this particular quantum phase transition. The external electric field may alternatively invoke a discontinuous phase transition accompanied with abrupt jumps of the dielectric polarization and susceptibility on assumption that the external magnetic field becomes nonzero.
I. INTRODUCTION
Although early investigations of the magnetoelectric effect (MEE) date back to 19th century [1] , this phenomenon is subject of the renewed research interest mainly due to its wide application potential in modern technologies [2] . A dependence of the magnetization on an electric field and the electric polarization on a magnetic field can be described by several alternative mechanisms. According to Katsura-Nagaosa-Balatsky (KNB) mechanism [3] the dielectric polarization p i,j is connected to the spin current j i,j between a pair of the neighboring spins s i and s j through the expression:
where e i,j is the unit vector pointing from ith to jth lattice site and the spin current j i,j ∝ s i × s j is proportional to the antisymmetric Dzyaloshinskii-Moriya (DM) term [4, 5] on assumption that two neighboring spins are coupled through the isotropic exchange interaction. An experimental observation of the striking magnetoelectric response of certain quasi-one-dimensional magnetic materials is another reason for a current substantial effort aimed at a more comprehensive understanding of the MEE conditioned by the KNB mechanism [6, 7] . Up to now, rigorous studies of the MEE arising from the KNB mechanism are limited to a few paradigmatic quantum spin chains such as the XXZ Heisenberg chain [8] , the XY chain with three-spin interaction [9, 10] , the XY zig-zag chain [11] , and the quantum compass chain [12] . * Electronic address: galisova.lucia@gmail.com
The main goal of the present work is to extend the aforementioned class of the one-dimensional quantum spin models. For this purpose, we will examine the spin-1/2 Heisenberg-Ising ladder simultaneously in a longitudinal magnetic field and an electric field applied along the y-axis in the space. As we demonstrate hereafter, the proposed quantum spin model represents a quite well tool for a rigorous study of the enhanced MEE conditioned by the KNB mechanism near the continuous quantum phase transion in the ground state.
The outline of the paper is as follows. In Sec. II we define the quantum model and briefly metion basic steps leading to a rigorous solution of its ground state. The most interesting numerical results dealing with the MEE will be presented in Secs. III and IV. Finally, some summarized ideas are posted in the Sec. IV.
II. MODEL AND ITS SOLUTION
Let us consider the quantum spin-1/2 Heisenberg-Ising ladder defined through the Hamitonian (see Fig. 1 ):
where s l,i ≡ (s x l,i , s y l,i , s z l,i ) represents the standard spin-1/2 operator for the ith site of the lth leg (i = 1, 2, . . . , N ; l = 1, 2), the parameter J H > 0 denotes the antiferromagnetic Heisenberg intra-rung interaction, J I > 0 (J I < 0) labels the antiferromagnetic (ferromagnetic) Ising intra-leg interaction, and N denotes the total number of ladder's rungs under the periodic boundary condi- tion s l,N +1 ≡ s l,1 . Finally, the last two terms in Eq. (2) represent the standard Zeeman term associated with the magnetic field h applied along the z-axis and the inverse DM term connected to the electric field E applied along the y-axis, which affects the corresponding component of the dielectric polarization (1), respectively. By supposing that ladder's rungs are aligned along the x-axis in the space, i.e. e (1,i),(2,i) = (1, 0, 0) in Eq. (1), the dielectric polarization p y i = s y 1,i s x 2,i − s x 1,i s y 2,i is prescribed to the ith rung. Note that the dielectric dipole moment is imposed to be generated on the Heisenberg rungs only, whereas the Ising bonds along legs does not exhibit any magnetoelectric connection.
The DM term associated with the electric field can be eliminated from the Hamiltonian (2) by performing a local spin-rotation transformation around the z-axis by the specific angle ϕ = tan −1 (E/J H ) [13] . As a result, one gets the Hamiltonian of the spin-1/2 Heisenberg-Ising ladder with the effective XXZ intra-rung interaction and the Ising intra-leg interaction in a magnetic field:
which can be alternatively viewed as a special case of the frustrated spin-1/2 Heisenberg-Ising ladders exactly solved in the recent works [14] [15] [16] . Therefore, it is sufficient to closely follow the approach elaborated in Ref. [14] to get a rigorous solution for the ground state of the investigated quantum spin model. First we define the eigenstates of the XXZ bonds on the rungs:
where the states |φ i 0,± (|φ i 1,± ) belong to the subspace with (S z i ) 2 = (s z 1,i + s z 2,i ) 2 = 0 (1). In the next step we introduce the pseudo-spin notations for the bond states as |φ i 0,− = |↓ i 0 , |φ i 0,+ = |↑ i 0 (for (S z i ) 2 = 0 subspace), and |φ i 1,− = |↓ i 1 , |φ i 1,+ = |↑ i 1 (for (S z i ) 2 = 1 subspace). We also need to set a new spin operatorss α i (α = x, y, z) acting on the pseudo-spin basis as well as the binary variable n i = 0 and 1 assigned to (S z i ) 2 = 0 and 1 states of the ith rung (dimer), respectively. By straightforward calculation one can establish the following relations for the spin operators:
Consequently, it results in the following equivalent pseudo-spin representation of the Hamiltonian (3):
It has been verified in Ref. [14] that the lowest-energy eigenstates derived from the effective Hamiltonian (5) of the spin-1/2 Heisenberg-Ising ladder in zero magnetic field (h = 0) follow from two exactly solved spin-chain models, namely, the spin-1/2 Ising chain in a transverse magnetic field [17] acquired from the effective Hamiltonian (5) by assuming all rung states are in the (S z i ) 2 = 0 subspace (n i = 0) and the spin-1/2 Ising chain in a longitudinal magnetic field [18] acquired from the effective Hamiltonian (5) by considering all rung states in the (S z i ) 2 = 1 subspace (n i = 1). In a nonzero magnetic field (h = 0) one additionally has to consider another exactly solvable effective spin-chain model acquired from the effective Hamiltonian (5) by assuming a regular alternation of the singlet and triplet states on odd and even rungs that correspond to n 2i−1 = 0 and n 2i = 1 or vice versa [14] . From this point of view, the exact solution for a ground state of the spin-1/2 Heisenberg-Ising ladder in electric and magnetic fields defined through the Hamiltonian (2) is formally completed.
III. MEE IN ZERO MAGNETIC FIELD
The ground-state energy of the spin-1/2 Heisenberg-Ising ladder in zero magnetic field (h = 0) follows from the formula:
where E(a) = Néel or stripe-leg (SL) phase emergent for |λ| > 1 depending on whether J I > 0 or J I < 0, respectively. While the Néel and stripy spin orders are quite analogous and can be characterized through the nonzero staggered magnetization, this order parameter becomes zero within the disordered QPM phase:
Obviously, the staggered magnetization m z s displays a steep power-law decline with the Ising-type critical exponent β = 1/8 at the quantum phase transition |λ| = 1 (see Figs. 2a, c) . Contrary to this, the dielectric polarization is governed by the formula:
where K(a)= Figs. 2b, c) . Note furthermore that the dielectric polarization is much higher in the disordered QPM phase than in the ordered Néel and SL phases as evidenced by a density plot displayed in Fig. 2b . The weak singularity of p at the quantum critical point (a filled circle in Fig. 2c ) is more markedly evidenced through a logarithmic divergence of the dielectric susceptibility χ d = ∂p ∂E ∼ − ln |E − E c | at the critical electric field E c , as shown in Fig. 2d .
IV. MEE IN NONZERO MAGNETIC FIELD
Another two ground states may emerge due to nonzero magnetic field (h = 0) . At high enough magnetic fields one may detect the classical ferromagnetic (FM) phase characterized by:
In addition, the staggered bond (SB) phase with a regular alternation of the singlet and polarized triplet states characterized by:
3/2 (10) may appear at moderate magnetic fields provided that the Ising intra-leg coupling is of the antiferromagnetic nature J I > 0. The typical ground-state phase diagram of the spin-1/2 Heisenberg-Ising ladder with the ferromagnetic Ising intra-leg coupling is illustrated in Fig. 3 in a form of density plots of the staggered magnetization m z s (Fig. 3a ) and the dielectric polarization p (Fig. 3b ) in the E/J H − h/J H plane. Obviously, Figs. 3a, b repeatedly imply a competitive character of the magnetic and dielectric spin orders when an enhancement of the dielectric polarization is accompanied with a reduction of the staggered magnetization or vice versa. Furthermore, Figs. 3c, d display a few typical variations of the dielectric polarization and susceptibility across continuous and discontinuous phase transitions, which may be apparently controlled by the external electric and magnetic fields. For sufficiently low magnetic fields (e.g. h/J H = 0.3) the dielectric polarization displays a continuous rise with a weak singularity at the quantum phase transition between the SL and QPM phases (a filled circle in Fig. 3c ), at which the dielectric susceptibility diverges logarithmically, as shown in Fig. 3d . Contrary to this, the dielectric polarization and susceptibility may exhibit abrupt jumps related to a discontinuous phase transition between the FM and SL phases at moderate magnetic fields (e.g. h/J H = 0.6) before achieving the electric-field-driven quantum phase transition SL-QPM.
To compare with, the typical ground-state phase diagram of the spin-1/2 Heisenberg-Ising ladder with the antiferromagnetic Ising intra-leg coupling is displayed in Fig. 4 in the form of the density plots of the staggered magnetization m z s (Fig. 4a ) and the dielectric polarization p (Fig. 4b) in the E/J H − h/J H plane. Evidently, the main qualitative difference with respect to the previous case lies in a presence of the SB phase at moderate magnetic fields. Owing to this fact, one may detect much greater versatility of the electric-field variations of the dielectric polarization and susceptibility, as demonstrated in Figs. 4c, d . At low enough magnetic fields (e.g. h/J H = 1.0), the dielectric polarization exhibits a smooth continuous rise upon strengthening of the electric field with a weak singularity at the respective quantum critical point (a filled circle in Fig. 4c ), which becomes more evident through a logarithmic divergence of the dielectric susceptibility (see Fig. 4d ). By contrast, one may detect a remarkable dependence of the dielectric polarization on the electric field with either one or two discontinuous jumps, which relate to discontinuous phase transitions driven by the external electric field at moderate and high magnetic fields (e.g. h/J H = 2.1, 2.5 and 3.1). 
V. CONCLUSIONS
To conclude, in the present paper, we have exactly examined a ground state of the spin-1/2 Heisenberg-Ising ladder in the external electric and magnetic fields. It has been demonstrated that the ground-state spin arrangements may be basically manipulated through the MEE conditioned by KNB mechanism via the external electric field, which additionally affords an alternative tool to control a quantum phase transition between the Néel (or stripy) quantum ordered phase and disordered quantum paramagnetic phase at zero magnetic field. It turns out, moreover, that an interplay between the electric and magnetic fields may cause an existence of either one or two discontinuous phase transitions as well as a single continuous quantum phase transition. Although the investigated quantum spin chain does not exhibit a spontaneous multiferroic behavior, a feedback control of the magnetic spin orderings through the external electric field might be of immense technological relevance because of a wide application potential of multifunctional materials.
